LOCAL RIGIDITY OF COVERING CONSTRUCTIONS AND
WEIL-PETERSSON SUBVARIETIES OF THE MODULI SPACE OF CURVES

CARLOS A. SERVAN

ABSTRACT. We show that totally geodesic subvarieties of the moduli space Mg n of genus g
curves with n marked points, endowed with the Weil-Petersson metric, are locally rigid. This
implies that covering constructions—examples of totally geodesic subvarieties of Mg, » endowed
with the Teichmiiller metric—are locally rigid. We deduce the local rigidity statement from a
more general rigidity result for a class of orbifold maps to Mg, n.

1. INTRODUCTION

Suppose 3¢ —3+n > 0 and let 7 : Ty, — My, be the projection from the Teichmiiller space of
a genus g surface with n marked points to the associated moduli space. The Weil-Petersson metric
gwp on Ty, is a negatively curved Kahler metric that descends to a metric on M, ,,. The metric
gwp induces on My ,, the structure of a quasi-projective variety [Wol85]. A class of subvarieties!
of Mg, naturally associated with gwp is the following:

A complex submanifold M C 7y, is called Weil-Petersson if it is totally geodesic with respect
to the Weil-Petersson metric gwp. This means that the gwp-geodesic passing through any two
points in M is completely contained in M. Similarly, a subvariety N C Mg, is called Weil-
Petersson if an irreducible component M of 7~!(N) is a Weil-Petersson complex submanifold
of Tg.n. The complex submanifold M is called a lift of N. More generally, we call a subvariety
N C Mg, almost Weil-Petersson if it has a lift M C 7,, that maps biholomorphically via a
forgetful map 7Ty, — Tg.m onto a Weil-Petersson complex submanifold of some 7y ,, with n > m
and 3g —3+m > 0.

We say that a map of complex orbifolds f : X — M, , is an almost Weil-Petersson immersion
if it is a proper immersion and f(X) is an almost Weil-Petersson subvariety. In particular, this
implies that X is a quasi-projective variety. The normalization map [GR84, Chapter 8] of an almost
Weil-Petersson subvariety provides the basic example of an of almost Weil-Petersson immersion
(see Definition 3.5). In this work we study the following rigidity property of this class of maps.

A proper immersion f : X — M, from a quasi-projective variety X is locally rigid if any
holomorphic deformation, i.e. a holomorphically varying family of maps

ft:Xt_>Mg,n 5 tEA
with (Xo, fo) = (X, f : X - M, ,,), through proper immersions f; and quasi-projective varieties

X, is trivial: there is a holomorphic family of biholomorphisms ¢; : X; — X inducing (X, f;) &
(X, f). Our maps should be understood in the orbifold sense, i.e. on a level L > 3 cover of M ,,

(see Definition 5.2 and Remark 3.3 for details). Our main theorem is the following.

Theorem 1.1 (Local Rigidity). Suppose 3g —3 4+ n > 0 and dim(X) > 1. Then, any almost
Weil-Petersson immersion f : X — Mg, is locally rigid.

Remark 1.2. The assumption on X; being quasi-projective is only used to get enough maps from
finite type curves C — X; (cf. Lemma 5.1).

Examples: Covering constructions. A source of examples of almost Weil-Petersson subvari-
eties is given by covering constructions [BS24, MMW17], defined as follows. Let

h:Xg n —Ygn

IUnless otherwise stated we always consider subvarieties in the algebraic category.
1



2 CARLOS A. SERVAN

be a finite degree, orientation-preserving, topological branched cover. Assume further that the
preimage of the marked points in 3, , equals the union of the marked points in ¥,/ ,,» and the
ramification points of h. Pulling back complex structures under h gives a holomorphic map

fh : E,n — 7;/.[

for some ¢ > n'. We call f} a totally marked covering construction (see Section 6 for more details).
A covering construction is a holomorphic map

FTgn = Tone

given by the composition of a totally marked covering construction f : Ty, — Ty ¢ with a
forgetful map Ty ¢ — Ty s which forgets only ramification points of h. If the map h is a regular
branched cover, we call f a reqular covering construction. The link between covering constructions
and almost Weil-Petersson submanifolds of 7y, is the following.

Proposition 1.3. Assume 3g —3+n > 0. Let f: Ty — Ty .n be a covering construction. The
following hold:

(1) Assume f is totally marked. Then, the image f(Tg,) is a Weil-Petersson complex sub-
manifold of Tg' .

(2) Assume f is reqular and not totally marked. If (g9,9") = (0,1) assume further that the
marked points satisfyn > 5. Then, the image f(T4.,) is an almost Weil-Petersson complex
submanifold of Tyr .

In particular, in either case the projection w(f(Tgn)) C Mg n is an almost Weil-Petersson
subvariety.

Remark 1.4. To our knowledge, covering constructions provide the only known examples of
almost Weil-Petersson subvarieties of M, ,,. Thus, we ask the following.

Question 1.5. Does there exist a Weil-Petersson subvariety N C M, which is not given by a
covering construction?

We now give two applications of Theorem 1.1.

Application 1. Totally geodesic subvarieties for the Teichmiiller metric. Replacing
the Weil-Petersson metric by the Teichmaller metric dreen in our definition of Weil-Petersson
subvarieties gives Teichmiiller subvarieties N C Mg, and Teichmiiller complex submanifolds
M C Tyn [Wri20, AHW24, BDR24].

1-dimensional Teichmiiller subvarieties are called Teichmdiller curves. McMullen showed [McMO09]
that the normalization map of a Teichmiiller curves is rigid.? Arana-Herrera-Wright [AHW24,
Question 10.6] ask if the same holds for Teichmiiller varieties of higher dimensions. Theorem 1.1
implies a positive answer to [AHW24, Question 10.6] in the case of covering constructions.

Corollary 1.6 (Local rigidity of Covering constructions). Assume 3¢ — 3 +n > 0. Let
f i Tgn = Tgn be a totally marked or regular covering construction, and fiz the notation and
assumptions of Proposition 1.3. The normalization map of w(f(Tg.n)) C Mg n is locally rigid.

Proof. The normalization map of an almost Weil-Petersson subvariety defines an almost Weil—-
Petersson immersion (see Section 3), and so the claim follows from Theorem 1.1. g

Remark 1.7. Any covering construction arises by applying forgetful maps to a totally marked
covering construction. Thus, up to forgetful maps, all covering constructions are locally rigid.

Remark 1.8. Covering constructions encompass all of the known examples of Teichmiiller sub-
varieties of M, ,, of dimension bigger than 1, except for the 2-dimensional examples {Y;} found
recently by McMullen, Mukamel, Wright and Eskin [MMW17, EMMW20]. In this regard, the
following questions are quite pertinent.

2McMullen considered a more general class of maps that are the equivalent (and the inspiration) of our definition
of an almost Weil-Petersson immersion for the Teichmiiller metric. Furthermore, he considers a more general
class of local deformations not assuming that f: is a proper immersion. In the one-dimensional case, our proof of
Theorem 1.1 works without the extra assumptions on f; and so it gives an alternative proof of McMullen’s result
for the case of covering constructions. See Theorem 5.5 for a stronger rigidity result in the one dimensional case.
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Question 1.9. Are the Teichmiiller surfaces Y; totally geodesic with respect to the Weil-Petersson
metric, i.e. are Y; also Weil-Petersson surfaces?

Question 1.10. Given a subvariety N C M, ,,. Suppose that IV is totally geodesic with respect
to both the Teichmiiller and the Weil-Petersson metric. Is IV given by a covering construction?

Application 2. Characterization of almost Weil-Petersson submanifolds. The pure
mapping class group PMod(%,,,) = mo(Diff *(2,,, {x1,...,2,})) acts on Ty, by biholomor-
phisms. For an arbitrary analytic subset W C Ty ,, let 'y be the stabilizer of W in PMod(X ).
As a corollary of the proof of Theorem 1.1 (see Theorem 3.7), we obtain the following.

Corollary 1.11 (Maximality). Let 3g — 3 +n > 0 and be given an almost Weil-Petersson
complex submanifold M C Ty, of positive dimension. Assume that m(M) C My ., is a subvariety.
Then, the submanifold M is mazimal among the analytic subsets W of Ty such that the following
hold:

(1) Tw C T
(2) W/T'w is a quasi-projective variety.

In particular, the conjugacy class of I'ar in PMod(3,.,,) is a complete invariant of m(M).

Remark 1.12. Corollary 1.11 showcases the following rigidity result for the pair (M,T'y). In-
clusion at the level of the stabilizers I'yy < I'p; implies the inclusion of spaces W C M. A similar
statement holds for families of curves over quasi-projective varieties: if the monodromy factors
through T'as, then the classifying map to 7, factors through M (see Theorem 3.7 for a precise
statement).

Paper overview. Let M C 7, be an almost Weil-Petersson lift of a subvariety of M, ,,, and let
I'as be the stabilizer of M in PMod(X, ,,). In Section 2 we quickly review all the necessary material
from Teichmiiller theory needed for the rest of the paper, focusing on the Weil-Petersson metric. In
Section 3 we introduce the concept of a I'j/-deformation: a class of orbifold maps ¢ : X — M, ,
which includes the classifying maps of families of curves over quasi-projective varieties whose
monodromy factors through I'y;. Theorem 1.1 is a consequence of the stronger rigidity result
for I'ps-deformations given in Theorem 3.7: any nonconstant I j;-deformation factors through M.
Section 3 also shows that I"ps is the orbifold fundamental group of the normalization of w(M), and
defines the notion an almost Weil-Petersson immersion, which could be roughly stated as a finite
orbifold covering of M /T"p;. In Section 4 we provide the details of the proof of Theorem 3.7 in
the case that X is a finite type curve, starting with an elementary Riemannian geometry lemma,
relying on fundamental results of Wolpert [Wol87], and then following the argument appearing
in the proof of the Imayoshi—Shiga theorem given in [AAS18, Section 4]. The key observation
is that, due to the arguments of [AAS18], holomorphic maps minimize energy in their homotopy
class.® In Section 5 we finish the proof of Theorem 3.7 and show how it implies the rigidity stated
in Theorem 1.1. Finally, in Section 6 we prove Proposition 1.3 (see also a remark in page 2 of
[KMO8] for the totally marked case) thereby concluding the proof of Corollary 1.6.

1.1. Acknowledgments. I am very grateful to my advisor Benson Farb for his guidance and
constant support throughout this project, and for his numerous comments on earlier drafts of
the paper that greatly improved the exposition. I would like to thank Curtis McMullen for
comments on an earlier draft and suggesting Questions 1.5, 1.9 and 1.10; and Alex Wright for
many insightful conversations, including sharing with me [AHW24, Question 10.6] which inspired
this work. Finally, I am grateful to Sidhanth Raman for our numerous conversations on this
subject, for sharing with me his knowledge of deformation theory and complex analytic geometry
and for extensive comments on a previous draft of the paper. Finally, we thank the anonymous
referee for their helpful suggestions.

3For compact C the proof follows from the theory of harmonic maps (cf. [ES64]), but an extra step is needed when
C is finite volume.
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2. TEICHMULLER GEOMETRY AND THE WEIL-PETERSSON METRIC

2.1. Basic definitions. Assume 3g —3 4+ n > 0 and let X, ,, be an oriented topological surface
of genus g with n-marked points (or n-punctures). A marking is an orientation preserving home-
omorphism ¢ : ¥, , = X from X, , to a Riemann surface X. Teichmiiller space 7y, is the space
of equivalence classes of markings [p : ¥4, — X], where two markings are equivalent if they
differ up to isotopy by a biholomorphism. Unless we need to stress the marking we will denote
[p: X4, — X] simply by X. In case we need to emphasize the subset of points being marked we
introduce the following notation: Let 3 be a topological surface and v C X be a finite subset of
points. T (X, u) denotes the Teichmiiller space of X with the marked points given by the subset w.

The mapping class group Mod(X, ,,)—the group of orientation-preserving diffeomorphisms of
¥, » up to isotopy—acts on 7 ,, by biholomorphisms. In fact, Royden and Earl-Kra [Roy71,EK74]
showed that for 29 +n > 4, the group Mod(X, ) agrees with the group of biholomorphisms of
Tg.n- The pure mapping class group PMod (%, ) is the subgroup of Mod(%, ) fixing pointwise
the marked points. The quotient of 7, by PMod(%, ) induces the projection

T Tgn = Mgn = Tgn/PMod(E,.,,).
Let B(X) denote the space of Beltrami forms on X, i.e. (—1,1)-forms p on X with ||p]|ec < 0.
Denote by M (X) the open unit ball in B(X). There exists a holomorphic submersion
O MX)—=>Tgn , p—[ffop:E,,— X,
where f# is given by solving (locally) the Beltrami equation

aéf = Mazf
In particular, T'x Ty, is naturally identified with a quotient of B(X).

Let [p: (Z,u) = (X, 0(u))] € T(Z,u). Let Q(X,u) denote the space of integrable holomorphic
quadratic differentials on X, i.e. meromorphic quadratic differentials ¢ on X with poles of order
at most one, and all poles contained in ¢(u). Equivalently, Q(X, ) is the space of holomorphic
quadratic differentials ¢ on X — ¢(u) so that

[ <o
X—p(u)

When the marked points are not being stressed we denote Q(X,u) simply by Q(X). There is a
natural pairing

B(X) % Q(X) 5 C , (u,q)H/Xuq

which factors through Tx 7, x Q(X). In particular, Q(X) is naturally identified with T% 7y ».

At the level of the universal cover and working always with punctures, we have the following
notation.? Let u C ¥ be a finite set of points and ¢ : (3,u) — (X, p(u)) be a marked Riemann
surface. Let X’ = X — ¢(u) and let 7 : H? — X’ be the universal cover of X', with deck group T
Then B(X') is given by the I-invariant (—1,1)-forms on H?, denoted by B(T"). Similarly, Q(X")
is given by Q(I'), the I'-invariant holomorphic quadratic differentials on H? inducing an integrable
quadratic differential on X’.

2.2. Weil-Petersson metric. The Weil-Petersson metric, denoted by gwp, is induced from the
hermitian product on Q(X) given by

(91, g2)wp = / @ 32(ds®) 7,
X
where ds? is the hyperbolic volume form. The hermitian product on 7T (X) is given by

(1, p2)we = (U7, 13)wp
where pf € Q(X) is the dual of p;. This means that p is characterized by

(g, i )wp = /X/ii% Vg € Q(X).

4A similar description is possible for marked points by using groups with elliptic elements [EK76].
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The metric gwp is incomplete, Kéhler, negatively curved and geodesically convex [Wol87].

Harmonic forms. The map

g q(ds?)™
sends a quadratic differential to an element of B(X) which is called a harmonic form. The space
of harmonic forms on X is denoted by H(X). The Weil-Petersson metric has a simple expression
on harmonic forms: Let p; = g;(ds?)™! € H(X) for i = 1,2. Evidently u} = ¢;, and so

<N1aﬂ2>WP:/ EQ2(d52)71:/ M@d«SZ:/ H1G2.
X X X

Definition 2.1 (Almost Weil-Petersson). Given a complex submanifold M C 7Ty, we say
that M is Weil-Petersson if it is totally geodesic with respect to gwp.® More generally, we say
that M is almost Weil-Petersson if there exists a forgetful map F : Ty, — T4,m with n > m and
3g — 34+ m > 0. Such that

(1) Flp: M — F(M) is a biholomorphism

(2) F(M) is a Weil-Petersson complex submanifold of 7y .
Let N C My, be a subvariety, a lift of N is an irreducible component of the preimage of N in
Tgn- The subvariety N is called (almost) Weil-Petersson if it has an (almost) Weil-Petersson
lift.

3. I')/-DEFORMATIONS, NORMALIZATION AND THE ASSOCIATED ORBIFOLD FUNDAMENTAL
GROUP

Let 7 : Tgn — Mg, be the projection to moduli space. Given a subvariety N C M, ,, with
a lift M C T, denote the stabilizer of M in PMod(X,,) by I's;. In this section we introduce
the concept of a I'jps-deformation which generalizes an important property of classical deforma-
tions to the orbifold category. I'p;-deformations are central to our reformulation of Theorem 1.1,
stated at the end of this section (Theorem 3.7). We start by proving some facts about the group
Ty < PMOd(Egn)

The associated orbifold fundamental group. The projection 7 induces a holomorphic map
from the analytic quotient® M /Ty, [Car57).
TM - M/FM — N.

The group T'js is called the associated orbifold fundamental group of N(cf. [AHW24]). The fol-
lowing explains the terminology.

Lemma 3.1 (cf. [GDH92, Theorem 1]). Suppose 3¢ — 3 +n > 0. Given an analytic subvariety
N C Mgy, with lift M C Ty p, let Tap be the stabilizer of M in PMod(X2,,,). The following hold:

(1) The induced holomorphic map

WAyiM/F]y[*)N

s proper with finite fibers and injective outside a proper analytic subvariety. In particular,
7(M) = N and so the conjugacy class of I'as in PMod(X, ) s an invariant of N.

(2) If N is quasi-projective, the normalization of M /T is quasi-projective. If in addition M
is normal, M /T pr is a quasi-projective variety.

Proof.
Proof of item (1). We need to show that the projection 7, satisfies the following:

(1) has finite fibers,
(2) is closed,
(3) is injective outside a proper analytic subvariety.

5Note that unlike the Teichmiiller totally geodesic case, it is not hard to see that any totally geodesic analytic
subset of Tgy,» with respect to gwp must in fact be a submanifold. Indeed, applying the exponential map we see
that such a subset is a smooth submanifold and the claim follows (see [Mil68, Remark on p 13]).

6Note that when forming the quotient we remove the kernel of the action of I'p; on M.
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The family of closed subsets {gM : g € PMod(3, )} in 7y 5 is a subfamily of the decomposition
of 7=1(N) into its irreducible components. Thus, it is a locally finite family of closed subsets of
Tg.n- This means that for every x € 7, ,, there exists a neighborhood U, of z intersecting only
finitely many g; M. This automatically gives that my; has finite fibers, and an elementary argument
shows that 7 is closed.

By the Semi-Proper Mapping Theorem [Fis76, Theorem 1.19], the map M — M/I'j; sends
I'ps-invariant analytic subsets of M to analytic subsets of M/I"j;. The map 7y, is injective on the
complement of the projection of the subset

W .= U {gM N M : g(M) N M proper subvariety of M} C M.
g€l'm
W is analytic and I'js-invariant. Thus, the projection of W to M /Ty is analytic and the third

item follows. Since my; : M/T'py — N is proper, the proper mapping theorem implies that 7y is
surjective whenever dim(M/Ty;) = dim(N) and the last claim follows. Proof of item (2). If N

is quasi-projective its normalization is also quasi-projective as the normalizations in the algebraic
and analytic category coincide [Kuh61, Satz 4]. Let £ : M — M/Ty; be the normalization of
M/T s, then mpr 0 : M — N is the normalization of N and so M is quasi-projective. If M is
normal then M/T'js is a normal analytic space by a theorem of Cartan [Car57, Theorem 4], and
the last claim follows. O

Remark 3.2. As the examples in [GDH92, HPRCR24] show, 7/ is not in general a biholomor-
phism.

Level L-structures and smoothness of the normalization. Suppose L > 3 and 3g—3+n > 0,
and let PMod (X, ,,)[L] be the level L pure mapping class group [FM12, Chapter 6.4.2]. Define

I'p[L] =T p NPMod(2,,,)[L].
Since L > 3, PMod(X, ,,)[L] is torsion free. Thus, the induced map
M — M/T L]
is an unramified covering map. Denote by
L Tgn = MgnlL]

the level-L projection to the moduli space of curves with level L structures, and denote the image
7w (M) by N[L]. The same argument as in Lemma 3.1 shows that whenever N is a subvariety of
M., the normalization of M/T'j/[L] is a quasi-projective variety. In particular, if M is smooth
then M/T'p/[L] is a smooth quasi-projective variety and the induced map

TMIL) - M/FM[L} — N[L] C Mg’n[L]

defines the normalization of an irreducible component of the preimage of N to M, ,[L]. Observe
that if N[L] is normal, then 7z is a biholomorphism.

Remark 3.3 (On orbifold issues). In this work, we will emphasize the orbifold category by
explicitly lifting to a level L cover of M, ,, for L > 3. Fully acknowledging that this introduces
more cumbersome notation, we suggest the reader to tacitly replace M, ,, with M, ,[L] and skip
the discussion on orbifold structures on a first reading. In that case, all proofs and definitions
then proceed by skipping the first step of lifting to an appropriate cover.

Definition 3.4 (Good and algebraic Orbifolds). Let X be a locally compact irreducible
analytic space [GR84, Chapter 9], and I'x a group acting properly discontinuously on X by
biholomorphisms, we denote the quotient by X = X /T. Assume that there exists a finite index
normal subgroup I'y, 9 T'x acting freely on X.

We call such structure a good orbifold structure on X and define 7¢™(X) = T'y. We say
that the orbifold X = X /T'x with orbifold structure (X,Tx) is algebraic if the normalization of
X=X /T is a quasi-projective variety.
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Examples of algebraic orbifolds are given by M /T for M a lift of a subvariety of M, ,,, and
by finite type curves C' with the orbifold structure (C, 71 (C)) for C the universal cover of C.

Definition 3.5 (Proper and almost Weil-Petersson immersions). Let X be an orbifold
with good orbifold structure ()Z',FX). Let f: X — M, be a holomorphic map of complex
orbifolds with associated homomorphism f, : I'x — PMod(X, ). This means that there is a
holomorphic map f c X Ty.n equivariant with respect to the homomorphism f, and fitting into
the diagram

X1,

s

]

X T> Mg

The map f is called a proper orbifold immersion if it is proper, X isa complex manifold and f
is an immersion onto an analytic subvariety M C 7,,. In particular, the image N := f(X) is
an analytic subvariety of My ,, and M is a lift of V. If in addition the image N is an almost
Weil-Petersson subvariety, f is called an almost Weil-Petersson immersion. Note that in this
case M is an almost Weil-Petersson submanifold and f is an embedding. As consequences of both
definitions we find

(1) X is a normal analytic space.

(2) The homomorphism f, factors through the stabilizer I'j; of M.

(3) For any L > 3, there exists a finite index normal subgroup I'x[L] of I'x with manifold

quotient X[L] = X /T'x[L] such that the induced map

X[L] = M/T'y[L] = N[L] C M, ,[L]
is a proper immersion.

For an almost Weil-Petersson immersion the following is also satisfied.

(1) X[L] is a finite unbranched cover of M /T'j/[L], thus X[L] is a smooth quasi-projective
variety and (X,T'x) is an algebraic orbifold structure on X. Furthermore, since X is the
quotient of X[L] by a finite group, X also inherits a quasi-projective structure.

Examples of almost Weil-Petersson immersions are given by the orbifold maps M/T'y; — M gn
for M a lift of an almost Weil-Petersson subvariety. As Lemma 3.1 shows, this is precisely the
normalization map of an almost Weil-Petersson subvariety.

Classical deformations. Let Z, W be two complex manifolds. A local deformation of a holo-
morphic map f: Z — W is given by the following data (Z, F, Z, ¢, 7) where:

(1) F: Z — W is a holomorphic map from a complex manifold Z.

(2) m: Z — A is a holomorphic submersion defining a family Z; := ©=1(t) and f; := F|z,.

(3) v:Z — Zy=7"1(0) is a biholomorphism with the property that F oy = f.
If the family Z is smoothly trivial,” it follows that the groups (f:).(m1(Z;)) < m1 (W) are pairwise
conjugate. The following is our generalization to the orbifold setting of a deformation of the map
TN - M/FM — N C M!]JL'

Definition 3.6 (I'-deformation). Let X = X/T'x be an algebraic orbifold. Let ¢ : X —
M. be a holomorphic map of complex orbifolds with associated homomorphism ¢, : I'y —
PMod(X,,,). Given an arbitrary subgroup I' < PMod(X, ), we say that ¢ is a I'-deformation
if, up to conjugation in PMod (3, ), the homomorphism ¢, factors through the inclusion I" —
PMod(%, ).

Our main rigidity result is the following variant of the Imayoshi-Shiga theorem (see also Theo-
rem 4.10).

Thote that we are not assuming that 7 is proper.
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Theorem 3.7. Let 3g —3+n > 0. Let M be an almost Weil-Petersson complex submanifold of
Tgm, and I'yy < PMod(X,,,,) be the stabilizer of M. Given an algebraic orbifold X = )?/FX and
a nonconstan T pr-deformation ¢ : X — M,.,. Then, there is a lift ¢ : X — Tgn of ¢ that factors
through the inclusion M — Ty .

4. THE CASE OF A FINITE TYPE CURVE C

On this section we prove Theorem 3.7 when X is a smooth finite type curve. We start with the
following special case.

Proposition 4.1. Suppose 3g—3+n > 0. Given a Weil-Petersson complex submanifold M C Ty,
with stabilizer T'yy < PMod(Xy,,). Let C be a smooth finite type curve and ¢ : C — My, be
a nonconstant I'yr-deformation. Then, there exists a lift of ¢ to Ty, that factors through the
inclusion M — Tgp,.

The first step in the proof of Proposition 4.1 is the following elementary observation, whose
proof we include for completeness.

Lemma 4.2 (Orthogonal Projection). Suppose 3g — 3+ n > 0. Let Z be a totally geodesic
submanifold of Ty, with respect to the Weil-Petersson metric and let Iz be the stabilizer of Z in
Mod(X,,,,). There exists a I'z-equivariant smooth deformation retraction onto Z

ﬂtZ:Tg’n—)Tg}n , t€]0,1)

with 7% = 1 and 7}, the retraction onto Z. Such that the following holds: for any p € Ty, and
w € TpTg.n the map

t = [|drl (w)|lwp

is non-increasing. Moreover, say p ¢ Z and let vp be the geodesic joining p and 7 (p) € Z. If
w & Ty, then ||drl, (w)||wp is strictly decreasing.

Proof. Endow Ty, with the Weil-Petersson metric gwp. Let & C 17, be the domain of the
exponential map. Since gwp is incomplete & # TT, . Let 7 := NZ N E for NZ the normal
bundle of Z. The metric gwp is negatively curved, thus

exp:Ez = Tym

is a local diffeomorphism onto its image. Since gwp is not complete, a priori there is no reason for
exp to be bijective. Yet, Wolpert showed that for any p € 7y n, the map exp, : Ez NTpTgn — Tyn
is a homeomorphism [Wol87, Corollary 5.4]. Coupling this fact with the fact that distance in gwp
is measured along geodesics [Wol87, Corollary 5.9] implies the surjectivity of exp. Similarly, these
two facts also imply that geodesic triangles have total internal angle < 7 and from this it follows
that exp is injective.

Let ¢, : £z — Ez be given by (p,v) — (p,tv). Define

7 Tam = Tyn , Ty i=expopi_s o exp L.
Since exp and ¢; are I'z-equivariant, it follows that 7%, is I z-equivariant. The map 7}, is precisely
the orthogonal projection map to Z.

Let p € T, and w € T}, T, .. Observe that J(t) = dry, ‘(w) is a Jacobi field along the geodesic
Yp(t) = m17(p). A standard computation, using the fact that Z is totally geodesic, shows that
|7(t)|lwp is non-decreasing. Indeed, recall that negative curvature implies that ||J(¢)||%p is convez
so we only need to show that % |o[|J(¢)||%p > 0. This is achieved by observing that the variation
associated to J(t) is given, via exp, through geodesics perpendicular to a geodesic v/ C Z.

Furthermore, if p ¢ Z and w is not parallel to ~, (1) it follows that J(t) has a non-trivial normal
component and so ||J(t)|wp is strictly increasing. O

Having Lemma 4.2 at hand, we can prove Proposition 4.1.



LOCAL RIGIDITY OF COVERING CONSTRUCTIONS AND WP SUBVARIETIES OF M, , 9

Proof of Proposition 4.1. By Lemma 4.2 there is a smooth I'js-equivariant homotopy
7TI\/[ T _>Tn 5 tG[O,I]

between the identity and the orthogonal projection 73, : Tg.n — M. Given a a nonconstant I'p-
deformation ¢ : C' = My, it follows that C' is of hyperbolic type. In particular, the associated
lift (;NS cH? — Tg.n is not constant. Up to post-composing with a mapping class, we can assume
that ¢, : m1(C) — I'pr. Define the map

1[):]H[2%7;7n , &:w}wogﬁ
Since 7}, is I'p-equivariant, it follows that ¥ is ¢.-equivariant. Proposition 4.1 will be proven if
we show that ¢ = 1.
Claim 4.3. ¢ =

Proof of Claim 4.3. The proof follows the argument appearing in the proof of the Imayoshi-Shiga
theorem given in Section 4 of [AAS18]. We include the details for completeness, clarifying the
equivariance nature of all the maps being used— hence the difference in our notation.

For a smooth map f ‘H? — Tg.n define the energy density Ew(f) of f at a point z € H? to be

Eo(f) = 1df1a (1) e + 14 (02) v,

for an arbitrary orthonormal basis {v1,v2} of T, H?. Assume further that f is ¢-equivariant, then
E.(f) is m1(C)-invariant and we can define the equivariant energy of f as:

= /CEi(f)wc

where we is the volume form on C and Ez(f) is given by E,(f) for any lift = of Z.
Since ¢ is holomorphic and dreicnh agrees with the Kobayashi metric [Roy71], it follows that
[ldp(v) || Teich < ||v||mz. Recall that the Teichmiiller metric dominates the Weil-Petersson metric

||U||WP < L”U”Teich;

where L = |27(2g — 2+ n)|*/? [McMO00, Proposition 2.4]. Thus, [|[dé(v)|lwp < L||v|lm2. The norm
non-increasing nature of 74, implies the following

Lemma 4.4 (cf. [AAS18, Lemma 4.1]). The homotopy

F o % [0,1] = Ty, file) = mis(6(2))
between ¢ and ) satisfies:

(1) fi is L-Lipschitz for all t. Thus, the equivariant energy E(f;) is finite for all t.

(2) The map t — E(f;) is non-increasing along t. If ¢ # ¥, then E(f;) is not constant.

(3) For any two points T,5 € C let do(Z,q) be their distance in C. Fix Tg € C, there are
constants A, B > 0 such that for all (x,t) € H? x [0, 1] the operator norm Hdﬁ(x,t) || satisfies

|dF@n | < Adc(Zo,7)? + B.

Proof. The first two items are an immediate consequence of Lemma 4.2. For the last one, observe
that F' gives the geodesic homotopy between ¢ and qS Thus, the same arguments as in [AAS1S,
Lemma 4.1] apply—replacing the holomorphicity of 1/) with the fact that w is L-Lipschitz. U

Remark 4.5. Note that since the homotopy 7, is norm non-increasing we get stronger results
than [AAS18, Lemma 4.1].

The proof of Claim 4.3 is completed by the two following key results. The first of which
is the following elementary observation, a consequence of the general formula for the energy
density [ES64, page 8]. Let wwp be the Kéahler form associated to the Weil-Petersson metric.
Similarly, let wy2 be the Kahler form associated to the Poincaré metric gyz.
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Lemma 4.6 (cf. [AAS18, Proposition 4.2]). Let f : H?> — (T4, gwp) be a smooth map. Then,
for any x € H?

I (UJWP)

WH2

E.(f) =

with equality if  is holomorphic at x.

|2

Remark 4.7. [AAS18, Proposition 4.2] gives an if and only if condition for equality, based on
[ES64, Proposition 4.2]; this is not necessary for our proof.

For each t, let ffwwp be the closed 2-form on C induced by the 71 (C)-invariant form ft*wwp
on H2. We have the following,

Proposition 4.8 ([AAS18, Proof of Imayoshi-Shigal). For all t € [0,1] we find

/C fi (wwr) = /C filwwp).

Proof. Since F satisfies properties (1)-(3) of Lemma 4.4, the same computation as in the proof
of the Imayoshi-Shiga theorem in [AAS18] gives the result. This is a generalization of Stoke’s
theorem by using a nice enough exhaustion of C' by compact sets. We remark that the notation
of [AAS18] differ from ours as all of their maps should be understood in the orbifold sense, e.g.
|dF (2,4 is given in our notation by Hdﬁ'@t) || for any lift Z of . O

Finishing the proof of ¢ = ¢». On one hand via lemma 4.6

B(f) > /C £ (wwp).

On the other hand via proposition 4.8 and the fact that fy is holomorphic.

/ £ (wwe) = / £ wwe) = B(fo)
C C

Thus E(f:) > E(fo) and via property (2) in Lemma 4.4 we find E(f;) = E(fo) for all £. In
particular ¢ = . O

Having proven Claim 4.3, Proposition 4.1 follows. U

Remark 4.9. Note that the same argument works more generally for M a real totally geodesic
submanifold of 7,, with respect to the Weil-Petersson metric, e.g. an axis of a pseudo-Anosov
element of Mod(X,,,) [DWO03]. Furthermore, the same yields the following strengthening of the
Imayoshi—Shiga theorem.

Theorem 4.10 (Imayoshi—Shiga). Suppose 3g—3+n > 0. Let C = H?/71(C) be a smooth finite
type curve. Given i = 1,2 and smooth maps ¢; : H> — T, ., equivariant with respect to the same
homomorphism ¢, : m(C) — PMod(X,,). Assume that ¢1 is holomorphic and nonconstant.
Denote the equivariant energy of ¢; by E(¢;). If either ¢o is holomorphic or WP-Lipschitz with

E(¢2) < E(¢1)
then ¢1 = ¢a.

Proposition 4.1 implies the following special case of Theorem 3.7 when the algebraic orbifold is
a smooth finite type curve.

Proposition 4.11. Let 3g — 3+ n > 0. Given an almost Weil-Petersson complex submanifold
M C Ty with stabilizer 'y < PMod(X,,,,). Let C' be a smooth finite type curve and ¢ : C —
Mg, be a nonconstant T yr-deformation. Then, ¢ has a lift ¢ : H> — T, factoring through
M= Tgn.
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Proof. Let ¢ : C — My, be a nonconstant I'y/-deformation. Then, there is a lift q~§ ‘H? — e
of ¢, equivariant with respect to a homomorphism

¢« 1 m1(C) = Ty — PMod(Z ).
Since M is almost Weil-Petersson, there exists a forgetful map
F:Tgm = Tgm,

with n > m and 3g —3+m > 0, so that M’ = F(M) is a Weil-Petersson complex submanifold of
Tg.m- Let
Fi : Mod(X, ) = Mod(Xg )
be the associated forgetful map. The map F is Fi.-equivariant and evidently F,.(T'ps) C Tpyr. We
claim that
‘F*|PM : FM — FM/

is injective. Indeed, F|ps : M — M’ is a biholomorphism and so the only way for an ele-
ment vy € ker F, to be in 'y is to fix M pointwise. The kernel ker F, is a surface braid group
B (Xg,m) [FM12, Theorem 9.1]. Surface braid groups for surfaces with negative Euler charac-
teristic are torsion free [FN62, Corollary 2.2]. As x(2,,,) < 0 the claim follows.

The map ¢ is nonconstant, thus ¢, has infinite image. In particular, the group G := Fi(p«(m1(C)))
is infinite. It follows that the map ¢ := F o ¢ is not constant: indeed, if not then G fixes a point
y, but this is impossible as G is infinite.

Observe that the map ¢ : H> — Tg.n is Fy 0 p.-equivariant so via (the proof of) Proposition 4.1
we find that ¢ factors through M’ — Tg,m- To conclude the proof of Proposition 4.11 we show
that the holomorphic map

q{)::}"\}joq@:HQ - MCTyn
equals (;3 By Theorem 4.10, it is enough to show that qg is ¢y-equivariant. Let x € M’ and v € T'py,
then
FIRAF.() - 2) = FIshFu(r - FIsh@) =7 - Fls@).

Thus QB is ¢4-equivariant and the claim follows. O

5. RicipiTy
In this section we complete the proofs of Theorem 3.7 and Theorem 1.1.

Proof of Theorem 3.7. Let X = )?/FX be an algebraic orbifold with cover X’ = )?/F’X having
quasi-projective normalization X. Given a nonconstant I'j/-deformation ¢ X = My, let
¢+ X' — My, be the induced orbifold map. By assumption there is a lift ¢~> CX Tg.n of ¢ that
is equivariant with respect to the homomorphism

¢* : FX — FM — PMOd(Egvn).

Let C' C X' be a smooth finite type curve so that ¢’|¢ is not constant. Via the proof of Proposi-
tion 4.11, the induced map q3| & on the universal cover C factors through M. Thus, Theorem 3.7
will be proven if we show that we can cover X’ by finite type curves C' such that ¢'|c is not
constant. Note that C' is not required to be smooth. This is because ¢’'|¢ will induce a map from
its normalization.

Lemma 5.1. Let y € X'. There exists a finite type curve C C X' passing through y so that ¢'|c
s not constant.

Proof. This is elementary, but we include the details. Given y € X', let Y = (¢’')~(¢'(y)). Then,
Y is a proper non-empty analytic subset of X’. Let £ : X — X’ be the normalization of X’ with
ramification locus R. Since X is quasi-projective there exists a finite type curve C (not necessarily
smooth) passing through any two of its points. Pick a point z € X \ € 2(Y) U R, and let C be
a finite type curve passing through z and an arbitrary preimage ¢’ of y. Then C, := £(C) is a
finite type curve passing through y. Indeed, the last claim follows since C' and C, have the same
normalization. O
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Having shown Lemma 5.1, Theorem 3.7 follows. O

Now we show that Theorem 3.7 implies the rigidity stated in Theorem 1.1. We consider the
following more general class of local deformations,

Definition 5.2. Let f : X — M, , be a proper orbifold immersion (see Definition 3.5) from a
good orbifold X = X/T'x and L > 3. Let I'x[L] be any finite index subgroup of I'x acting freely
on X and so that f,(Ix[L]) < PMod(X, ,)[L]. A proper local orbifold deformation of f is a
classical local holomorphic deformation

Ft : Xt[L] — Mg’n[L] s te A

of the lift f[L]: X[L] := X /Tx[L] — M,.n[L] of f. In addition, we require the following to hold:®
(1) Let m : X[L] — A be the associated deformation of X[L], with total space the complex
manifold X[L]. Then 7 is a closed, smooth submersion.
(2) Fy: Xy[L] — Mg »[L] is proper for each t € A.
(3) X[L] is smoothly isomorphic to X[L] x A.

Theorem 5.3. Assume 3g—3+n >0, L > 3 and dim(X) > 1. Be given an almost Weil-Petersson
immersion f: X — Mg . Let

Ft . Xt[L] — Mg’n[L] 5 te A

be a proper local orbifold deformation of f such that each member of the family 7 : X[L] —
A is quasi-projective. Then, up to shrinking A, the deformation is trivial, i.e. there exists a
holomorphic family of biholomorphisms g, : X,[L] — X[L] inducing (X,[L], F}) = (X[L], f[L]). If
each Fy is an immersion, the result holds without shrinking A.

Proof. Let M be a lift of the image N := f(X) and I'ys be the stabilizer of M in PMod(%, ;).
Denote by F : X[L] — M, ,,[L] the holomorphic map associated to the deformation of f.

The set of points (z,t) € X[L] where dFy|; is not full rank is closed and does not include the
central fiber. Since 7 : X[L] — A is closed, by shrinking A, we can assume that F} is an immersion
for all t. By assumption X;[L] is quasi-projective for all ¢, thus

Fy

Xi[L] = Mg ,[L] — Mg,

is a non-constant I'j;-deformation. Since M is almost Weil-Petersson, Theorem 3.7 implies that
F,(Xi[L]) C N[L] = Fy(Xo[L]) for all t. In particular, the map F : X[L] — M,, factors
through N[L]. Recall that masz) : M/Tp[L] — NI[L] gives the normalization of N[L]. Hence,
since F is surjective and X[L] is normal and irreducible, there is a unique holomorphic map
G : X[L] — M/T'p[L] making the following diagram commute [GR84, Section 8.4.3]

M/Tp[L]
g/' 1)

X[L] — NIILJ.

Let ¢ : X[L] — Xo[L] C X[L] be the biholomorphism so that Fy o ¢ = f[L] : X[L] — N[L].
Observe that, by definition, the surjective map f[L] : X[L] — N[L] factors through a finite
holomorphic covering map R

FIL) s XL} = M/Tar[L].
By uniqueness of lifts to the normalization, it follows that Gog = f[L]. In particular, G, (m (X[L])) =
fIL]« (71 (X[L])) and so we have a further lift

X[L]

2 L

X[L] 5 M/Tp[L].

8Observe that these are automatic for local deformations of compact manifolds.
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Denote by ¥, the restriction of ¥ to each fiber X;[L]. Choosing ¥ such that Vo ¢ : X[L] — X[L]
fixes a point, it follows that W o ¢ is the identity, and so ¥y = ¢! is a biholomorphism onto X[L].
Furthermore, by dimension reasons it follows that ¥; is a proper local biholomorphism, i.e. a finite
holomorphic covering map. Let ¢, : X;[L] — X[L] for t € A, be a smooth trivialization. It follows
that for each t, U, 0 ;' : X[L] — X[L] is a finite covering map homotopic to a homeomorphism.
In particular, it has degree 1. So ¥y is a biholomorphism and (Xy[L], F;) = (X[L], f[L]) via the
family ¥; and the claim follows. O

Theorem 1.1 follows from Theorem 5.3.

Remark 5.4 (One dimensional case). Observe that the assumptions on F; : X;[L] — M ,[L]
being a proper immersion are only used at the end of the proof of Theorem 5.3, to conclude that
the induced maps to the normalization are covering maps. In the one dimensional case we can
drop these assumptions. In fact, we have a stronger result.

Theorem 5.5. Let N C Mg, be an almost Weil-Petersson curve. Given a lift M C Ty of N,
suppose that x(M/T'ar) < 0. Then, the normalization map mar : M/Tar — My, is the unique
(in the analytic category) non-constant I'pr-deformation f: X — Mg, from an algebraic orbifold

X = )?/FX with X a smooth finite type curve homeomorphic to M /T ;.

Proof. By Theorem 3.7 any non-constant I'p/-deformation f : X — M, , induces a holomorphic
map h: X — M/Ty; so that mpy o h = f. The theorem would be proven if we show that h is a
biholomorphism.

Step 1: FEuxtension and properness. Since x(X) = x(M/Tp) < 0, the map h extends (see
e.g. [CS26, Prop 2.3]) to a holomorphic map h : X — M/T'j; of the compactified curves. Note
that h is surjective and X and M/T"y; have the same number of punctures. Thus, it follows that

h maps the punctures of X bijectively onto the punctures of M/T'5;. In particular, h is proper.

Step 2: Degree one. Let k be the degree of h and let £ the number of punctures of X. The previous
step shows that h is totally ramified at the punctures so by Riemann-Hurwitz

—X(X) = =kx(X) + (k- 1) + R,
for some R > 0. If x(X) < 0, this automatically implies that k = 1. Similarly, for x(X) = 0 we

must have ¢ > 1 and so again k = 1. Finally, for x(X) = 2 we must have £ > 3 and again this
implies that k = 1. It follows that A is a biholomorphism. O

Remark 5.6. Note that the assumption on x(M/I'3;) < 0 can be always achieved by passing to a
suitable finite cover. In particular, the uniqueness result holds for the map M /Ty [L] — M »[L]
for L > 3.

6. COVERING CONSTRUCTIONS ARE WEIL-PETERSSON GEODESIC

The main goal of this section is the proof of Proposition 1.3 relating covering constructions with
almost Weil-Petersson complex submanifolds. Note that? by a result of Filip (cf. [Fil16, Remark
1.6]) covering constructions project to subvarieties of Mg, so we only need to show that the
images of covering constructions are almost Weil-Petersson complex submanifolds of 7y ,,.

We start by recalling the definition of covering constructions. Let

h:Y =%

be a finite degree, orientation-preserving, topological branched cover between topological surfaces
Y and X. Consider finite subsets © C ¥ and v C ¥'. In the following we will assume that

(1) h™Y(u) = vU R(h)
for R(h) the set of ramification points of h. In particular, u contains all the branch points of h.

9More classically, the same follows from the fact that a regular totally marked covering construction fj, : Tg,n —

T4 ,n/ induces a proper algebraic map ./Cl\g; — Mg/ ,r from a suitable cover of My, (cf. [ACG11, Chapter XIV]).
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Definition 6.1 (Covering constructions). Pulling back complex structures under the wun-
branched covering map

Asip-1uy: ¥ —h ' (u) = S —u
induces a holomorphic isometric embedding

frn:T(Eu) = T(E, A ()

with respect to the Teichmiiller metric. We call f;, a totally marked covering construction.
A covering construction is a holomorphic map

T — T v)
induced by a totally marked covering construction f; by postcomposition with the forgetful map
F T, h Y(u)) = T(X,v). Since F only forgets ramification points of h, the map f is an
isometric embedding [BS24, Proposition A.2]. If the branched cover h is regular we call f a
reqular covering construction.

Remark 6.2. In [BS24, Appendix] it is shown that for g(¥) > 1 and T (2, u) # 71,1 the condition
given by Equation (1) is necessary and sufficient for h to induce an isometric embedding with
respect to the Teichmiiller metric.

In the following, we describe in more detail properties of each type of covering construction.
Unless otherwise specified h : (X',v) — (2, u) will denote a finite degree, orientation-preserving,
topological branched cover. Let g(X) denote the genus of ¥. Throughout this section we assume
that

39(X) =3+ |u| > 0.

6.1. Totally marked covering constructions. Let v = h~!(u) C X’ and let

T u) —T(X,v)
be the associated totally marked covering construction. The map f is holomorphic and the deriva-
tive is given by pulling back Beltrami forms to the cover. We sketch the details. Let X = H?/T €
T(2,u), for X a finite type Riemann surface diffeomorphic to ¥ —u and T' < PSL(2,R) a discrete
subgroup without elliptic elements. Since h is unbranched over ¥ — u, the image f(X) is given by
f(X) =H?/T" for I” < T a finite index subgroup. It follows that there exists a pushforward lift
of Beltrami forms:

fe: M(T) — M(T)

given by the inclusion. Furthermore, f, induces a holomorphic map

T(Z,u) = T(X,v)

which agrees with f.10 In particular the derivative of f is induced by f,. Similarly, the pullback
of integrable quadratic differentials is given by the inclusion Q(T") — Q(T”).

Recall that Harmonic forms H(X) are given by (z — 2)2g for ¢ € Q(I'). Then, the following
corollary is immediate.

Corollary 6.3. Let f: T(3,u) — T(X',v) be a totally marked covering construction. Let X €
T(X,u). Then, the derivative df gives an inclusion

dfx : H(X) — H(f(X)).
Furthermore, dfx is induced by the pullback of quadratic differentials and volume forms under h.

Remark 6.4. For Corollary 6.3 it is crucial that the pullback of the complete hyperbolic metric
on X is the complete hyperbolic metric on f(X). In particular, it does not apply when we
postcompose with forgetful maps.

The Weil-Petersson metric gwp is easily computed for harmonic forms. Thus, we get the
following.

10Here it is important that h is orientation preserving, so that it agrees with f(X) — X.
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Corollary 6.5. Let f: T(X,u) = T(X,v) be a totally marked covering construction induced by
a branched cover h. Then,

f*gwp = deg(h)gwe.
Proof. Let X € T(X,u). By Corollary 6.3, dfx : H(X) — H(f(X)) is given by the pullback of
quadratic differentials and volume forms under h. Let p; = @;(ds% )~ € H(X), then:

(dfx (), dfx (pn2)) = /f(X) dfx (1)df x (p2)ds xy

(2) - /f i @)

— deg(h) [ e = des(0) . )

The third equality follows from the fact that f*|x : Q(f(X)) — Q(X) is given by the trace under
h. O

6.2. Regular H-Covers. Let Y be a closed Riemann surface, with underlying topological surface
Y. Let H be a finite group of conformal automorphisms of Y. Let X = Y/H so that H defines a
regular branched covering

hX Y —» X.
Let X be the underlying topological surface of X. Let h : ¥’ — X be the topological branched
cover induced by hx. As in Equation (1), consider finite subsets u C ¥ and v C ¥’ such that

hY(u) = vU R(h).
Then, h induces a regular covering construction
T3 u) = T, v).

Suppose that v is H-invariant. Then H is a group of conformal automorphisms of Y/ :=Y — v.
Recall that H acts on T (X', v) by biholomorphisms. We claim the following,

Lemma 6.6.
F(T(E,u)) = Fix(H)
for Fix(H) the fized set of H in T (X', v).

This is already known (e.g. [Kra59]), but we provide a proof using the terminology introduced
in [BS24].

Proof. Let M := f(T(3,u)). Note that H is a finite group of biholomorphic isometries of the Te-
ichmiiller metric. Thus, Fix(H) C T(X/,v) is a totally geodesic complex submanifold with respect
to the Teichmiiller metric. The inclusion M C Fix(H) is evident, as H can be represented by
biholomorphisms of any f(Z) for Z € T (X, u). To prove the converse, we will consider the totally
geodesic bundles QM and QFix(H) [BS24, Section 3]. Let f(X) € M C Fix(H) and identify
H with a subgroup of biholomorphisms of f(X). Recall that Qs x)M C Q(f(X)) equals the
H-invariant differentials on Q(f(X)). We claim that Q¢ x) Fix(H) admits the same description.
In particular, Q¢ x) Fix(H) = Q¢x)M and we are done.

To prove the claim, let ¢ € H and denote by t : T(X',v) — T(X',v) the biholomorphism
induced by changing the marking by ¢. Since t(f(X)) = f(X), the umkehr map ¢, [BS24, Section
4] associated to t acts on Q(f(X)) by:

t: Q(f(X)) = Q(f(X)) , ¢—1t"(q) € Q(f(X)).
Any geodesic in Fix(H) is fixed by t. Thus, ¢ = t*(q) for any ¢ € Qy(x)Fix(H). The claim
follows. 0

H acts on T(X',v) by Weil-Petersson isometries, thus the following is immediate.

Corollary 6.7. Let f: T(X,u) = T (X',v) be a reqular covering construction induced by a regular
covering with deck group H. Assume that v is H-invariant. Then f(T (X, u)) is totally geodesic
with respect to the Weil-Petersson metric, i.e. it is Weil-Petersson.
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In general, we have a weaker statement.

Corollary 6.8. Let f : T(X,u) = T(X',v) be a regular covering construction, induced by a
regular cover h : &' — 3. If (9(X),g(X")) = (0,1) assume further that |u| > 5. Then f(T(X,u))
is almost Weil-Petersson.

Proof. Let v' = v\ R(h) = h=(u\ B(h)), for B(h) the branch locus of h. Then, v’ is H-invariant.
We claim that 3g(X') — 3+ |[v| > 0. This is immediate if g(X') > 1 so assume otherwise.

We proceed by cases. If g(X) = 1 the map h is actually unramified and [v'| = |u| > 1. For the
remaining cases we use the following facts from [Mir95, Lemma 3.8 and discussion thereafter]:

(1) The map h can have at most 4 branch points and less than 4 if g(X') = 0.
(2) If g(¥') = 0 and h has 3 branch points, then deg(h) > 4.

The claim follows. The forgetful map
F:T(X v) = T,

satisfies that M' = F(f(T(X,u)) is Weil-Petersson (Corollary 6.7). Moreover, as F only forgets
ramification points, F restricts to a biholomorphism between f(7(3,u)) and M’. The result
follows. 0

Combining Corollaries 6.5 and 6.7, we complete the proof of Proposition 1.3 by showing the
following.

Proposition 6.9. Let f: T(X,u) — T(Z,v) be a totally marked covering construction induced
by a branched cover h. Then, f(T(X,u)) is a Weil-Petersson complex submanifold.

Proof. The case of totally marked regular coverings follows from Corollary 6.7. So assume that h
is not regular. Let

ho : (2", w) — (¥, v)
be the normal closure of h, i.e. the regular cover induced by taking a finite index subgroup
I < ho(m1 (% =) < 71 (X —u)) such that T' < 711 (X — ). This means that there is a commutative
diagram:

(X", w)
l ~
hy (', v)

(,u)
where h; for ¢ = 1,2 are regular covers and the marked points satisfy
hi'(u) = hy'(v) = w.
By Corollary 6.7, the induced maps

TS w)
I

~7
T(3,u)

T(Xv)

satisfy that f1(7(Z,u)) and fo(T (X', v)) are Weil-Petersson submanifolds of 7 (X”,w). Since
f1 = fao f, it follows that f1(T(Z,u)) C f2(T(¥,v)) and

T (Ew) = fy (A(T(3,u)).

In particular, f1(7(2,u)) is a totally geodesic submanifold of fo(7 (X', v)) with respect to gwp.
The map f : T(X',v) — T(X",w) is a totally marked covering construction. Thus, by Corol-
lary 6.5 it is (up to a constant) a Riemannian isometric embedding for gwp. The claim follows. O
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